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Neutrinos propagating in matter acquire an eective electromag-
netic vertex induced by their weak interactions with the charged par-
ticles in the background. In the presence of an external magnetic
eld the induced vertex aects the flavor transformations of mixed
neutrinos in a way that, in contrast to the oscillations driven by an
intrinsic magnetic moment interaction, preserve chirality. We derive
the evolution equation for this case and discuss some of the physical
consequences in environments such as a supernova. For small values
of the square mass dierence the resonance condition becomes inde-
pendent of the vacuum parameters, and it is the same for neutrinos
and antineutrinos.
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As is now well known, under certain favorable conditions, large transfor-
mations from one neutrino flavor into another may take place in a medium,
even for small neutrino mixing in vacuum[1]. The matter eects on the 
oscillations are taken into account by means of a potential energy or an in-
dex of refraction for each neutrino flavor, which can be calculated from the
background contributions to the neutrino self-energy[2, 3, 4]. In addition to
the energy-momentum relation of the neutrinos, also their electromagnetic
properties can be afected in an important manner[5, 6, 7, 8, 9]. In Ref. [6]
the general expressions for the electromagnetic form factors of a neutrino in
an electron gas were calculated and, as an specic application, the correction
to the index of refraction of a single neutrino in the presence of an external
magnetic eld was determined. In this paper we extend the study of Ref. [6]
by considering the combined eects of neutrino mixing and the external mag-
netic eld. We derive the equation governing the flavor evolution under such
conditions and examine the posible eects of strong magnetic elds on the
neutrino oscillations induced by their eective electromagnetic interaction.
It is worth stressing the following. The possibility that neutrinos may
have electromagnetic dipole moment interactions which change left-handed
neutrinos into right-handed ones can have important consequences in the
context of the solar-neutrino puzzle[10], and the combined eect of matter
and magnetic elds on neutrino flavor oscillations and spin precession has
been studied[11]. However, it is well known that the values of the neutrino
magnetic moments that are estimated in the Standard Model fall well be-
low the values for which their eect can be appreciable. While there are
schemes in which the values of the neutrino magnetic moments lie in the rel-
evant range, they require ingredients that are not contained in the standard
Electroweak Theory. On the contrary, the eect we are considering is quite
dierent. The neutrino electromagnetic form factors calculated in Ref. [6]
preserve chirality and are present even in the Standard Model with massless
left-handed neutrinos. Those induced terms arise because of the interactions
of neutrinos with the particles in the background. In the presence of an ex-
ternal magnetic eld the induced form factors, instead of producing spin flip
transitions, contribute to the index of refraction and modify the resonance
condition for neutrino oscillations in matter.
For simplicity we restrict ourselves to the case of mixing between only
two generations, but the same appoach can be applied to more general cases.
Our starting point is the self-energy of the neutrinos, with momentum k, in
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the presence of a uniform magnetic eld which, as shown in Ref. [6], can be
written as
eff = (a/k + b/u+ c/Bext)L ; (1)
where u is the velocity four-vector of the medium and, as usual, L = (1−
γ5)=2. In what follows we work in the rest frame of the background, where
u = (1;~0) and k = (!;~). The coecients a, b, and c are matrices in the
neutrino internal space and, in a normal matter gas, composed of electrons,
nucleons and their antiparticles, they are given by


















where, to order GF ,
be =
p
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In Eq. (2) we have denoted by QZ and Q0Z the contributions arising from
the Z-diagram, which are the same for all flavors and, in a normal matter
background, are irrelevant for oscillations. However, in environments like the
early universe or the core of a supernova, where the neutrinos represent an
appreciable fraction of the total density, the neutral-current contributions to
the potential energy arising from the - scattering are not in general pro-
portional to the unit matrix and should be included in the analysis of the
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resonant flavor transformations[12]. Several approaches exist to describe the
neutrino oscillations under such conditions, including a Boltzmann-type ki-
netic approach[13] based on a density matrix formalism[14], and a treatment
based on the FTFT methods[15]. While we are aware that the extra contri-
butions from the - background interactions must in general be taken into
account in a careful numerical study, in what follows we will not consider
them further since they can be added at any stage. Of course, they will be
important in the particular context of the supernova, for example[16].
The coecients b; c in Eq. (2) are written in the flavor basis. In this basis,
the equation that determines the dispersion relation and wave functions of
the propagating modes is







U y ; (7)
with U being the matrix that relates the elds of denite mass Li to the
flavor elds L =
P












and Eq. (6) becomes the set of coupled equations
(! − b+ ~  ~− c~  B) −m = 0 ;
(! − ~  ~) −m = 0 : (9)
Using the second of these to eliminate  from the rst one, yields the following
equation for "




 = 0 ; (10)
while  is then determined as





We are interested in the solutions of Eq. (10) with positive energy, corre-
sponding to the (neutrinos) particle solutions. In the abscence of the mag-
netic eld they correspond to negative helicity spinors of the form
 = e1;2− ; (12)
where  is the Pauli spinor with denite helicity, that satises
(~  ^) =  ( = ) : (13)
The e1;2 are vectors in flavor space, determined by solving the eigenvalue
problem





+ b : (15)
The expressions for !1;2 and e1;2 are given explicitly in Eqs. (A.10) and (A.14)
of Ref. [15]. To arrive at Eq. (15), the substitution











In the presence of the magnetic eld, the solutions to Eq. (10) do not
correspond to purely negative helicity spinors anylonger because the matrices
~  ~B and ~  ~ generally do not commute. Therefore, the solution must be
sought in the form
 = x− + x
0+ ; (17)
where x; x0 are two-component vectors in flavor space. Substituting Eq. (17)
into Eq. (10) we obtain two coupled equations for x and x0, and from them is
easy to verify that x0  (c ~B  ^=)x. Then, retaining terms that are at most
linear in the small quantities b; c;m2=2 in the equation for x, the dispersion
relations !1;2 and the corresponding vectors x = e1;2 are obtained by solving
Eq. (14), but with the Hamiltonian




in place of H.
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Imitating the arguments given in Ref. [15], we then arrive at the following
picture: The Dirac wave function for a relativistic left-handed neutrino with
momentum ~ propagating in matter in the presence of an external magnetic
eld is, in the Weyl representation,












−i!it : For an inho-




= HB ; (20)
which is the extention of the MSW equation to the situation we are consid-
ering. The components e; of (t) give the amplitude to nd the neutrino
in the corresponding state of denite flavor. In Eq. (19) we discarded the
right-handed component  R of the Dirac spinor since it is of order m=2 as
compared to the left-handed component, and we also neglect the positive-




We now consider the possible relevance of the eect of the extra terms
due to the magnetic eld on the resonant flavor conversion. At each time,
HB can be diagonalized by the unitary transformation
Um(t) =
 
cos m sin m
− sin m cos m
!
; (21)





where 0  (m22 − m
2
1)=2. The denominator in Eq. (22) is the dierence
between the instantaneous energy eigenvalues of the neutrino modes
!2 − !1 =
r
0 cos 2 − be + ce ~B  ^
2
+ 20 sin
2 2 : (23)
As is evident from the above formulae, the mixing angle in matter is modi-
ed by the neutrino interaction with the magnetic eld, and the resonance
condition (sin 2m = 1) becomes
0 cos 2 = be − ce ~B^ : (24)
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If 0 cos 2 is small relative to be and ceB, the resonant condition is given
approximately by
be ’ ce ~B^ ; (25)
so that it becomes independent of the masses and mixing angles. This can
have a signicant impact on the analysis of resonant oscillations in a su-
pernova. If the magnetic elds are sucently strong that Eq. (25) can be
satised, then the phenomenon of resonant oscillations can take place, with-
out a specic requirement on the value of the masses and mixing angles of
the neutrinos. Thus, even if the values of these parameters are constrained
by the condition for resonant oscillations in the Sun and/or other physical
phenomena, the supernova may simultaneously support resonant oscillations
under the conditions just stated.
For antineutrinos the be and ce terms change sign and the resonance
condition is
0 cos 2 = −be + ce ~B  ^ (26)
In principle, Eqs. (24) and (26) can be veried simultaneuously in a medium
with B 6= 0. For negligible values of 0 cos 2 both conditions reduce to
Eq. (25), so that the resonance occurs in the same region for neutrinos and
antineutrinos. This is a novel feature that contrasts with the situation with-
out the magnetic eld, where only neutrinos, but not antineutrinos, can go
through a resonant region.
In order to estimate the order of magnitude of the magnetic eld required
to satisfy Eq. (25), in what follows we evaluate ce in various limiting cases,
which are easily obtained from Eq. (3).









where B = e=2me is the Bohr magneton. Eq. (25) then requires








which can be written in the form
−
0@ ~B  ^
1014gauss







where  is the mass density, Ye is the fractional number density of
electrons and   1010g=cm3.










(ne − ne) : = sinh (31)







2(ne − ne) : (32)
and the condition in Eq. (25) translates to
−
0@ ~B  ^
1014gauss




Non-relativistic Boltzmann gas. For this case we can borrow the result
given in Ref. [6],
ce = −
p
2GFB(ne − ne) ; (34)
Eq. (25) then becomes
−
0@ ~B  ^
1014gauss




It is noteworthy that, in the classical limit, the resonance condition becomes
approximately independent of the number densities.
The estimates given in Eqs. (29) and (35) indicate that the phenomenon
we have considered may be relevant in the study of resonant oscillations
in the supernova, where the densities are typically of order 1010g=cm3, and
magnetic elds of order 1014gauss have been considered. Our results suggest
that the eect is worthy of further attention and detailed numerical studies
in order to asses the range of implications in a concrete way.
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The possibility that the induced neutrino electromagnetic vertex may
contribute to the index of refraction in the presence of an external magnetic
eld has also been recently pointed out[17]. However, that work did not
include the presence of the matter term (be) in the evolution equation, and
therefore did not consider the implications of the combined eect of that
term plus the magnetic eld term (ce) on the resonsant oscillations.
After this work was completed and while this manuscript was being pre-
pared, we received a preprint[18] discussing the same eect that we consider
here. However, the physical outlook and the conclussions reached there re-
garding the new resonant condition and its implications are dierent from
ours.
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